Analysis of the transient dynamics of coupled-oscillator systems by Sancho Lucio, Sergio Miguel et al.
Analysis of the Transient Dynamics of Coupled-Oscillator Systems 
Sergio Sancho, Almudena Suarez, Franco Ramirez 
Department of Communications Engineering, University of Cantabria, Spain 
 
Abstract—A realistic reduced-order formulation of systems 
containing several transistor-based oscillators, such as coupled-
oscillator networks, is presented. The formulation is able to 
predict the oscillation build-up and other transient effects for the 
first time to our knowledge. The individual oscillator models are 
constructed from a nonlinear admittance function extracted from 
circuit-level harmonic-balance simulations. These models are used 
to derive a nonlinear differential-equation system able to describe 
the transient behavior of the entire structure. For illustration, the 
method has been applied to a coupled-oscillator system at 5 GHz, 
obtaining very good agreement with circuit-level envelope 
transient (when applicable) and with measurements. 
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I. INTRODUCTION 
Systems containing oscillator circuits, whose operation may 
be affected by other system components [1]–[7], are difficult to 
simulate since their oscillation frequency, and even their 
stability properties, may change under the influence of these 
components. One example of this complexity is found in 
coupled-oscillator systems, used for power-combination and 
beam steering [2]–[7]. Their harmonic-balance (HB) simulation 
requires the individual fulfillment of the oscillation condition 
in each oscillator circuit, which can be achieved through the use 
of one auxiliary generator (AG) per oscillator element [8]. 
However, and due to the lack of symmetry in the coupled 
system, convergence failures arise from a certain number of 
oscillator elements [9]. In order to cope with this problem, 
several previous works propose the use of oscillator models 
extracted from a HB simulation of the standalone oscillator 
circuit [9]–[11]. These models are based on the linearization of 
an oscillator admittance function  about the free-running 
solution. This solution fulfills = 0  and the linearization is 
carried out with the aid of a voltage-type auxiliary generator 
(AG), applying finite differences to the amplitude ( )  and 
frequency ( )  of the AG [12]. In comparison with the 
commonly used Van der Pol models, this method has the 
advantage of enabling a realistic prediction of the behavior of 
practical systems of transistor-based oscillators. However, 
because the HB models are extracted linearizing the oscillator 
circuit about its free-running solution, they are only valid under 
weak coupling conditions. Furthermore, they are unable to 
predict the oscillation build-up due to the large amplitude 
excursion of the start-up transient.  
The recent works [13], [14] present a methodology to 
extract a reduced-order nonlinear model of a single oscillator, 
which is able to predict the build-up transient. The model relies 
on the application of the implicit function theorem to the HB 
system, in order to derive a reduced-order nonlinear differential 
equation at the observation node. One should emphasize that 
unlike what is done in the models in [9], [10], [15], this 
admittance function must be a nonlinear one, able to account 
for the large-amplitude excursion during the oscillation start-
up. The nonlinear function ( , )  is extracted through a 
double sweep in the excitation amplitude V and frequency  of 
an AG, performing a HB simulation at each sweep step. Once 
the bi-variate nonlinear admittance function ( , )  is 
available, the dynamic oscillator model is obtained by locally 
linearizing this function about each transient amplitude , 
which, as the amplitude evolves, provides a sequence of linear 
ordinary differential equations describing the system dynamics. 
So far, the reduced-order oscillator model has enabled the 
prediction of the transient behavior of a single oscillator circuit 
in a computationally efficient manner. However, this kind of 
model will be most useful when applied to complex systems, 
such as coupled-oscillator networks, phase locked-loops, and 
any system in which an oscillator is switched on and off. This 
work proposes a new a methodology to analyze complex 
oscillator systems through a nonlinear differential-equation 
system based on the described reduced-order models of the 
oscillator elements. For illustration, the method will be applied 
to a system of three coupled oscillators at 5 GHz, which has 
been implemented and measured.  
II. TIME-FREQUENCY DOMAIN OF A COUPLED-OSCILLATOR 
SYSTEM 
As described in [9], [10], applying the implicit function 
theorem, the HB system of equations associated with a given 
free-running oscillator can be reduced to a single complex 
equation. This is the first harmonic equation of the Kirchhoff 
current law (KCL) at a particular observation node q: ( , ) =( , ) = 0 , where  and  are the first harmonic 
amplitude and phase of the voltage signal at the node q,  is the 
free-running frequency, and ( , ) is the admittance function 
at q, calculated at the first harmonic.  
In the case of a system of N coupled oscillators, assumed 
different, one function ( , )  will be derived for each 
oscillator element, applying a double sweep in the AG 
amplitude  and frequency , and performing a HB 
simulation at each sweep step. In each case, the observation 
node  corresponds to the one at which the oscillator is 
connected to the coupling network. To derive the differential-
equation system, one will consider first the steady-state system 
in a locked condition at the fundamental frequency : 
 ( , ) + ( ) = 0, 
= 1,… ,  (1) 
where ≡  is the first harmonic of the voltage signal of 
each i-th oscillator at the observation node and ( ) are the 
components of the admittance matrix of the linear coupling 
network. System (1) will be fulfilled in a locked condition at 
the frequency =  for the values ( , , )  which, in 
general, will be different from those of the individual free-
running oscillators (when isolated from the system).  
Now the transient of the coupled-oscillator system will be 
addressed. During this transient the amplitude and phase of 
each oscillator are time varying. The corresponding system is 
derived from (1) by modifying the frequency variable to the 
form → + /  [16], where  is the time-derivative 
operator and  is the free-running frequency of one of the 
oscillators in the array, which is arbitrarily taken as the 
fundamental frequency of the Fourier basis. Thus, we obtain the 
following system of nonlinear differential equations: 
( ), + ( ) + + ( ) = 0, 
= 1,… ,  (2) 
We emphasize that unlike the analyses [9]–[11], the 
nonlinear admittance functions ( , )  in (2) are not 
linearized about the locked steady state. On the contrary, the 
nonlinear dependence of these functions on the amplitude 
variable will be used to predict the whole transient dynamics. 
During the transient state, the time variation of the phasors ( ) is in general much slower than the time scale provided by 
the oscillation frequency . Then, these components are 
narrowband signals that can be expressed as: 
 ( ) = ( ) , = 1,… ,  (3) 
where  is the maximum bandwidth of the time-varying 
phasors. Using this result, the dependence of the admittance 
functions on the complex frequency can be approached by a 
first-order Taylor series, providing: 
( ) ( ) + ( ) ( ) + ( ) ( ) = 0 (4) 
where: 
 ( ) ≡ ( , ),					 ( ) ≡ − ( , ) (5) 
for = 1,… , . Note that once the nonlinear admittance 
functions ( )  are available the derivatives ( )  are 
extracted through finite differences in a straight-forward 
manner [14]. On the other hand, the frequency derivatives of 
the linear coupling network admittance matrix have been 
neglected, since these components remain nearly constant in the 
frequency range − , + . System (4) provides for 
the first time to our knowledge a set of nonlinear ODEs 
describing the transient behavior of a multi-oscillator system. 
In order to better understand the system dynamics, it is more 
illustrative to express the equation of each oscillator in (4) in 
terms of the phase and amplitude variables: 
       ( ) ( ) + ( ) ( ) + ( ) ( ) + 
+ ( ) ( ) ( ) ( ) = 0 (6) 
for = 1,… , . Each equation depends nonlinearly on the 
voltage amplitudes and phases through the functions , ( ) 
and the exponential components, respectively. Splitting each 
complex equation in (6) into real and imaginary parts, the whole 
system can be rewritten in compact form as: 
 ( ) = ( ), ( ) , =  (7) 
where the set of state variables is composed by the components 
in the vectors = ( ,… , )  and = ( ,… , ) . From 
(6), it can be straightforwardly derived that: ( ), ( ) = ( ), ( ) , ∀ ∈ ℛ (8) 
where ( ) ≡ ( + ,… , + ) . This property shows 
that system (6) remains invariant under a global constant phase 
shift. Then, at any time, the transient trajectories of the phase 
variables ( ) will contain a constant component that depends 
on the chosen initial conditions.  Expressing the first harmonic 
in terms of the phase and amplitude variables as ( ) ( ( )), it is seen that the instantaneous frequency of 
each i-th oscillator is + ( ). 
Once the functions ( ) and ( ) of each i-th oscillator 
have been identified [14], the transient trajectories of the 
amplitude and phase of each oscillator of the array can be 
simulated through time-integration of the nonlinear system of 
ODEs (7).  
III. APPLICATION TO A SYSTEM OF COUPLED OSCILLATORS 
The previous analysis will be illustrated through its 
application to a system of 	 = 3  coupled oscillators, 
illustrated in Fig. 1. The oscillators are coupled through 
resistively loaded microstrip lines (width = 0.28 mm, length = 
33.9 mm). The admittance matrix of the N-port coupling 
network is calculated in commercial software, providing the 
coupling terms ( ) . Note that since the array is 
unidimensional, the coupling terms of not-adjacent ports 
vanish, obtaining  ( ) = 0 for | − | > 1. As a result, the 
KCL equation of each oscillator in (6) is explicitly coupled only 
to the adjacent ones. In the first place, the technique will be 
tested by its application to a system of = 3 Van der Pol type 
oscillators. Then, the technique will be applied to a realistic 
system of = 3 coupled FET-based oscillators. 
 
Fig. 1.  Schematic of the system of  coupled oscillators. 
A. System of = 3 coupled Van der Pol type oscillators 
The schematic of each oscillator is shown in Fig. 2. It is 
composed of an RLC resonator in parallel with a nonlinear 
voltage-controlled current source presenting negative 
resistance for small-signal amplitude.  
 
Fig. 2.  Schematic of the Van der Pol oscillator. The circuit parameter values 
are = −0.03	Ω , = 0.01 A/V3, = 1 nH, = 50	Ω  
The free-running frequency of each i-th oscillator can be 
tuned by means of the capacitor . Two qualitatively different 
cases have been considered. In the first case, the capacitances 
of the three oscillators have been set to the same value: = 10 
pF, = 1,2,3 , corresponding to the free-running frequency ≈ 2 ∙ 1.6 GHz. Therefore, the functions ( ) and ( ) 
are identical for the three oscillators. These functions have been 
identified through HB simulations of an isolated oscillator, 
following the procedure described in [14]. Then, the transient 
trajectories of the amplitude and phase variables of each 
oscillator have been calculated by integrating system (7). The 
initial conditions for the amplitude and phase variables have 
been respectively set near zero ( = 0.01	 ,			 = 1,2,3), and 
zero ( = 0,			 = 1,2,3). The simulation results are shown in 
Fig. 3. As can be seen, the amplitude and phase trajectories go 
through a transient state of duration ≈ 30  ns. Once the 
steady state is reached, the amplitude components become 
constant, whereas the time variation of the phase components 
present the same constant slope = = = Δ , 
providing a common instantaneous frequency + Δ . This 
scenario corresponds to a locked solution at the frequency =+ Δ . In the same figures, the simulation of the coupled 
system using the envelope transient technique with 7 harmonics 
in commercial software has been superimposed, showing very 
good agreement. 
          New technique     ∙  Envelope transient
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  (b) 
Fig. 3.  System of three coupled Van der Pol oscillators. Locked case, with =10 pF, = 1,2,3. (a) Amplitude trajectories. (b) Phase trajectories 
In the second case, the capacitances of the three oscillators 
have been set to , = 11 pF, = 10 pF. As can be seen in 
Fig. 4(b), in this case the instantaneous frequencies of the 
outermost oscillators + ,  are different from the central 
one + . Then, this configuration leads the system to an 
unlocked state. The different oscillation frequencies present in 
the coupled systems make the amplitude and phase variables 
exhibit an oscillatory behavior [see Fig. 4(a)]. As in the 
previous case, the envelope transient simulation results have 
been superimposed. 
          New technique     ∙  Envelope transient
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Fig. 4.  System of three coupled Van der Pol oscillators. Unlocked case, with 1,3 = 11 pF, 2 = 10 pF. (a) Amplitude trajectories (b) Phase trajectories. 
B. System of N=3 coupled FET oscillators. 
The oscillators are designed using a field-effect transistor 
(NE3210S01) on a RO4003C substrate. The schematic of the 
single oscillator is shown in Fig. 5. A varactor diode 
(SMV1233) is used as a tuning element with the dc voltage , = 1,2,3. The observation node q of each oscillator agrees with 
the output node, where a 50 Ω resistance is connected in parallel 
with the coupling network. 
 
Fig. 5.  Schematic of the FET-based oscillator. 
In the first case, the tuning values , = 2.1 V, = 2 V 
have been used. The initial conditions for the amplitude and 
phase variables have been respectively set to = 1	mV,	 and = 0, for = 1,2,3. The transient evolution to the steady state 
of the output voltage amplitudes of the three oscillators, 
calculated through system (7), are shown in Fig. 6(a). As can 
be seen, the system evolves towards a locked state after a 
transient of duration ≈ 14 ns, where the amplitude variables 
become constant. As in the previous analysis, the results have 
been validated with the envelope transient technique.  
In the second analysis, the three tuning voltages have been 
equated to the value , , = 2 V. The simulation results are 
shown in Fig. 6(b), where an unlocked state is observed. The 
transient duration is similar to the one in the locked case, and 
the y-scale has been reduced to show the small-amplitude 
oscillatory behavior. In this case, both the new technique and 















although there exist quantitative discrepancies due to the high 





Fig. 6.  System of three coupled FET oscillators. Comparison of the simulated 
amplitude trajectories with those of the envelope-transient simulation. (a) 
Locked case, 1,3 = 2.1 V, = 2 V. (b) Unlocked case, 1= 2= 3 = 2 V. 
Finally, the transient trajectory of the amplitude of the 
oscillator = 1 has been measured when evolving to the locked 
case of Fig. 6(a). For this purpose, the oscillator output signal 
is connected to a Keysight Infiniium 90804A oscilloscope. The 
oscillation start-up is triggered at = 0 by an ON/OFF signal 
applied to the drain bias voltage of the oscillators. The 
measured transient to the locked state is compared in Fig. 7 with 
the amplitude ( ) resulting from the simulation of system (7) 
and the envelope transient results. As can be seen, the new 
technique is able to approach the length and the asymptotic 
component of the transient trajectory. 
 
Fig. 7.  System of three coupled FET oscillators. Measured output voltage of 
the oscillator = 1 when evolving to the locked case, with 1,3 = 2.1 V, =2 V. The amplitude transient trajectory simulated with system (7) and with the 
envelope transient technique is superimposed. 
CONCLUSION 
A realistic formulation to predict the transient behavior of 
systems containing oscillators has been presented. The 
formulation relies on nonlinear reduced-order models of the 
individual oscillators. These models are derived from a 
nonlinear admittance function extracted from harmonic balance 
simulations. The formulation has been illustrated through its 
application to a system of three coupled oscillators. Results 
have been successfully compared with circuit-level envelope-
transient simulation—which will fail or be impractical under a 
large number of elements—as well as with measurements. 
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